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List-Decoding for the Arbitrarily Varying Channel
Under State Constraints

Anand D. Sarwate, Member, IEEE, and Michael Gastpar, Member, IEEE

Abstract—List-decoding for arbitrarily varying channels (AVCs)
under state constraints is investigated. It is shown that rates within
€ of the randomized coding capacity of AVCs with input-depen-
dent state can be achieved under maximal error with list-decoding
using lists of size O(1/€). Under the average error criterion, an
achievable rate and converse bound are given for lists of size L.
These bounds are based on two different notions of symmetriz-
ability and do not coincide in general. An example is given which
shows that for list size L, the capacity may be positive but strictly
smaller than the randomized coding capacity, in contrast to the sit-
uation without constraints.

Index Terms—Arbitrarily varying channels (AVCs), list-de-
coding.

1. INTRODUCTION

HE arbitrarily varying channel (AVC) is a model for
T communication subject to time-varying interference [5].
The time variation is captured by a channel state parameter
and coding schemes for these channels are required to have
small probability of error for all channel state sequences. In
an AVC, the channel state is said to be controlled by a jammer
who wishes to foil the communication between the encoder
and decoder. More details can be found in the survey paper by
Lapidoth and Narayan [17].

This paper addresses the problem of list-decoding in an AVC
when the state sequence is constrained. The constraint comes
by imposing a per-letter cost [(-) on the state sequence and
requiring the cost of the state sequence chosen by the jammer
for n channel uses to be less than a total budget An. The coding
schemes in this paper are deterministic; common randomness
between the encoder and decoder is not allowed. We consider
both the maximal and average error criterion. Under the max-
imal error criterion, the capacity can be smaller than under
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the average error criterion. In both cases, we will compare our
achievable rates to the capacities for randomized coding.

In list-decoding, the decoder is allowed to output a list of
L messages and an error is declared only if the list does not
contain the transmitted message. For AVCs without constraints,
list-decoding capacities have been investigated under both max-
imal and average error. For maximal error, Ahlswede [2], [4]
found a quantity Cgep, such that a rate Cqep — € is achievable
with lists of size O(1/¢). We extend this result to the situation
with cost constraints and define a quantity Cgep(A) such that a
rate Cqep(A) — € is achievable under list-decoding with list size
O(1/e).

The average error list-L capacity C', without constraints was
found independently by Blinovsky and colleagues [6], [7] and
Hughes [15]. These authors defined the symmetrizability Lgym
of an AVC and showed that there is a constant list size Lgy, s0
that for L < Lgym, the list-L capacity is 0, and for L > Lgyy,,
the list-L capacity is equal to the randomized coding capacity
C,. The number Ly, is called the symmetrizability. The adver-
sary can cause Lgyr, “degrees” of symmetrizability, so list-de-
coding requires a list size greater than Ly, to guarantee that
the correct message is in the list with high probability.

The main result of this paper is that list-decoding under
average error is qualitatively different when the state is con-
strained. The degree to which the jammer can symmetrize the
channel depends on the input distribution P and the cost con-
straint A. We define two kinds of symmetrizability, weak and
strong, for list-decoding under state constraints. For list sizes
L larger than the weak symmetrizability isynl(P7 A), we show
that the coding strategy of Hughes [15], which uses a codebook
of fixed type P, yields an achievable rate for the channel. We
also prove an outer bound for this channel in terms of a quantity,
we call the strong symmetrizability Lqym (P, A). We construct
a jamming strategy that gives a nonvanishing probability of
error for codes of type P such that L < Lgy,,,(P, A).

In many cases, Lyym (P, A) < [Zsym(P7 A), which gives a gap
between our achievable region and converse. Closing this gap
seems nontrivial; we conjecture that the converse can be tight-
ened. However, our results do imply a significant difference be-
tween the constrained and unconstrained setting. Without con-
straints, the list-L capacity C7, is either 0 or equal to the random-
ized coding capacity C,.. We show via a simple example that
under cost constraints the list-L capacity Cr(A) may be pos-
itive but strictly smaller than the randomized coding capacity
C,-(A). This parallels the result obtained in [12] for list size 1.

II. DEFINITIONS

We will use calligraphic type for sets. For an integer M,
let [M] = {1,2,..., M}. Generally speaking, lower case will
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refer to nonrandom quantities and capital letters will refer to
random variables. Boldface is used for vectors. Thus, X is a
vector-valued random variable, x is a fixed vector, and z; is the
ith element of x. For sets X’ and )/, the set P(X) is the set of
probability distributions on X. We denote by P,,(X) the set of
all distributions such that nP(z) is an integer for all z € X,
and P(Y|X) is the set of all conditional distributions on ) con-
ditioned on X'. For random variables (X,Y) with joint distri-
bution Pxy, we will write Py and Py~ for the marginal distri-
butions and Py)y for the conditional distribution of X given
Y. For a joint distribution P € P(X™), we will denote by P,
the ith marginal of P. The function d.x (P, Q) will denote the
maximum deviation (4., distance) between two probability dis-
tributions P and Q.

A. Channel Model and Codes

An AVC is a collection W = {W(|-,s) : s € S} of
channels from an input alphabet A’ to an output alphabet )
parameterized by a state s from an alphabet S. In this paper,
we assume all alphabets are finite. If x = (21, 22,...,2n),
vy = (y1,Y2,---,Yn), and s = (s1,82,...,8,) are length n
vectors, the probability of y given x and s is given by

HW y1|371

We are interested in the case Where there is a bounded cost func-
tion [ : S — R on the jammer. The cost of an n-tuple is

:zn:lsk

k=1

W(yl|x,s)

The state obeys a state constraint A if

I(s) <nA a.s

Let S"(A) = {s € 8™ : I(s) < nA} be the set of all length-n
state sequences satisfying the constraint A.

An (n, N, L) deterministic list code C for the AVC is a pair of
maps (1), ¢) where the encoding function is ¢ : [N] — X™ and
the decoding functionis ¢ : Y™ — {B : B C [N],|B| < L}.
Therate of the code is R = n~'log(N/L). The codebook of
C is the set of vectors {x; : i € [N]}, where x; = #(i). The
decoding region for message i is D; = {y : i € ¢(y)}. We will
often specify a code by the pairs {(x;, D;) : i =€ [N]}, with
the encoder and decoder implicitly defined.

The maximal and average error probabilities €7, and &;, are
given by

fL = max max (1 = W(Dilx;,s)) ey
1 N
= gy 2 0-Whikes) @

A rate R is called achievable under maximal (average) list-de-
coding with list size L if for any € > 0, there exists a sequence
of (n, N, L) list codes of rate at least R — ¢ whose maximal (av-
erage) error converges to 0. The list- L capacity is the supremum
of achievable rates. We denote the list- L capacities under max-
imal and average error by Cr,(A) and C(A), respectively. We
emphasize that in this paper, we consider deterministic codes.
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B. Symmetrizability and Information Quantities

A channel V(y|z1, 22, ..., zm) € P(Y|X™) is symmetric if
for any permutation 7 on [m] and for all (z1,22,...,Zm,Yy)

3)

Ty) € P(S|X™)symmetrizes an

= V(WlTr(1), Tr2)s - - - > Tr(m))

A channel U(s|zy,zo,. ..,
AVC W if the channel
ZW ylz, s)

seS

7xm)

“
is a symmetric channel. Let Uy, (m) denote the set of channels
which symmetrize W:

Usym(m) = {U(sla™) : V

V(y|.Z‘,fI,‘1,.. |'T1 L2,

Zm) 18 symmetric}
Q)

If Uy, Us € Usym(m) and generate symmetric channels V; and
V5 according to (4), then «V; + (1 — «) V5 is the channel gen-
erated from aU; + (1 — «)Us. Since V; and V3 are symmetric,
so is aVj + (1 — «)V;, and therefore alU; + (1 — a)Us €
Usym(m). Thus, Usym(m) is a closed, convex subset of chan-
nels U(s|z1, ..., %) defined by equality constraints in (3).

For a distribution P € P(X), we define the strong sym-
metrizing cost A, (P):

(y|w,x1,...,

min max
U€Usym(m) PEP(X™):P; PVLe[m]

D)WL

rm

An(P) =

a™)l(s) (6)

This is the smallest expected cost over all symmetrizing chan-
nels U(s|z™) € Usym(m), where the cost is measured over any
joint distribution P(x™) with marginals equal to P. The max
and min are justified because the operations are performed over
closed convex sets, and they can be reversed because the ex-
pected cost function is linear. We call an AVC strongly m-sym-
metrizable under the constraint A if A,,(P) < A. We define
the strong symmetrizability Lgsym (P, A) of the channel under
input P and constraint A to be the largest integer m such that
Am(P) < A. That is,

Loym(P,A) = max {m : \,,,(P) < A} 7

We also define the weak symmetrizing cost A,,, (P):
Am(P) P (x ! 8
(P) =, min Z Z 2™)(s) (@)

where P™ is the product distribution P X P X - - - X P. This is the
smallest expected cost over all symmetrizing channels U (s|z™)
where the cost is measured over the product distribution P™.
Again, the minimum is attained because Z/{Sym(m) is closed. We
call an AVC weakly m-symmetrizable under input P and con-
straint A if A, (P) < A. Similarly, the weak symmetrizability
Laym(P, A) is the largest integer m such that \,,(P) < A. That
is,

Esym(P, A) = max {m S Am(P) < A} ©)
Because the maximization in the definition of the strong sym-
metrizing cost \,,(P) in (6) is over all joint distributions P
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with marginals equal to P, it includes P = P™ in (8), and
therefore A, (P) > Ao (P). This, in turn, implies that the
strong symmetrizability is smaller than the weak symmetriz-
ability: Laym(P,A) < Leym(P,A).

For a fixed input distribution P(z) on X and channel V (y|x),
let I (P, V') denote the mutual information between the input
and output of the channel:

V(ylz)P(z)
V( x)l
V)= LV le) P8 prss G e
10
We define the following two sets of distributions: {10
Q(A)= {Q €P(S): Y Us)Q(s) < A} (11)

U(P,A\)= {U € P(S|X) 1 > U(slx)P(x)i(s) < A} (12)

These, in turn, yield two information quantities:

Csra(A) = Pgl&);,mgg{lml (P;EW(ylx:S)Q(SO (13)

dep(AN) = 1\P, 14
Cars(8) m<>m>< 2 W) '”“">>< )

The max and min exist and can be reversed because the mutual
information is continuous, convex in the channel and concave
in the input distribution, and the sets of input distributions and
channels are closed and bounded. The channels in the second ar-
gument of the mutual information correspond to the convex clo-
sure and row-convex closure of the AVC W as defined in [10].

III. MAIN RESULTS AND CONTEXT

Capacity results for the AVC depend on the type of codes
(randomized, deterministic, or list), error criterion (maximal or
average), and the presence of constraints. In general, the max-
imal error capacity under deterministic coding is not known; a
general solution would imply a formula for the zero-error ca-
pacity [1], [9]. When randomized coding is allowed, the ca-
pacity under maximal error is the same as average error. For
an unconstrained AVC (where A = max, [(s)), Blackwell et
al.[5] proved that the capacity under randomized coding is C,. =
Cia(max, I(s)). Ahlswede [3] showed that for unconstrained
AVCs, the capacity Cy is either 0 or equal to Cyq(max; [(s)).

Under a state constraint A, Csiszar and Narayan [11],
[12] proved that the randomized coding capacity is
C(A) = Cga(A), and also found the deterministic coding
capacity under average error Cy(A). They showed that if the
AVC is nonsymmetrizable [14], then Cy(A) > 0 and, in fact,
0 < Cyq(A) < Csa(A) can hold. The reason this can happen is
that the input distribution that maximizes Cy;q(A) may permit
the jammer to find a channel U that symmetrizes the AVC
and satisfies the cost constraint A. Therefore, certain input
distributions are “disallowed,” which lowers the rate.

The results in this paper are for the case of deterministic list
codes. Without constraints, Ahlswede [2], [4] showed that a rate
Clep(max, [(s))—eis achievable under maximal error with lists
of size O(1/¢). The same approach works for constrained AVCs
under maximal error.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 58, NO. 3, MARCH 2012

Theorem 1 (List-Decoding for Maximal Error): Let VV be an
AVC with state cost function /(s) and cost constraint A. Then,
for any € > 0, the rate

R = Caep(A) — €

is achievable under maximal error using deterministic list codes

with list size
1
€

Furthermore, the capacity Cr,(A) under maximal error using list
codes with list size L is bounded:

Caep(A) = O(L™1) < CL(A) < Caep(A)

The proof is given in Appendix A. For the converse, we ex-
hibit a strategy for the jammer that lower bounds the probability
of error. The code construction for the lower bound on the ca-
pacity proceeds in two steps. First, we show that a codebook
containing all codewords of a given type P can be turned into a
list code of rate close to

I( , ZW1/|:L s |:L))

We can then sample codewords from this code to show that there
exists a single codebook with constant list size L whose rate is
close to Cyep(A) — O(L™Y).

In the absence of state constraints, our definitions
of weak and strong symmetrizability are the same, so
Leym(P,max, l(s)) = Leym(P,maxsl(s)) = Lsym. De-
terministic list codes for average error without constraints were
studied independently by Blinovsky and colleagues [6], [7]
and Hughes [15]. They showed a dichotomy similar to [3]: the
list-L capacity Cr, = 0 for list sizes L < Lgym, whereas the
list-L capacity Cr, = C, for list sizes L > Leyrm.

Our results for list-decoding under average error are along
the lines of [12]. For each list size L, we prove achievable and
converse bounds.

mln
Uel(P,A)

Theorem 2 (List-Decoding for Average Error—Converse):
Let W be an AVC with state cost function /() and cost con-
straint A. Then, we have the following upper bound on the
deterministic list-coding capacity under average error Cz(A):

OL (A) <

< max min
PEP(X):Laym(P,A)<L QEQ(A)

I(P;ZW(yIas)Q(s)) (15)

If for every P € P(X), the strong symmetrizability satisfies
Leym(P,A) > L, then Cp,(A) = 0.

The proof of Theorem 2 can be found in Appendix B. To
prove the converse, we construct an explicit jamming strategy
and give a lower bound on the probability of error for codes
whose rate is above that in (15). For a codebook with code-
words of type P, the jammer can choose a symmetrizing channel
U € Usym (L) such that the expected cost under any joint distri-
bution with marginals equal to P is within the cost constraint.
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Operationally, the jammer chooses L codewords from the code-
book and uses them as inputs to U to generate a state sequence
s which satisfies the cost constraints.

Theorem 3 (List-Decoding for Average Error—Achiev-
ability): Let W be an AVC with state cost function [(-) and cost
constraint A. Then, we have the following lower bound on the
deterministic list-coding capacity under average error C,(A):

Cr(A) > max min
PEP(X):Loym (P,A)<L QEQ(A)

1 (P, S Wy, S)Q(8)>

If P* is the maximizing input distribution for Csq(A), then for
list size L > Lgym(P*, A), we have

Cr(A) = Csa(N)

The proof of Theorem 2 can be found in Appendix B. The
achievability proof uses the codes of Hughes [15]. The exis-
tence of a code which is list-decodable is proved in [15] by using
measure concentration to show that a random codebook with
codewords of fixed type satisfies certain properties with over-
whelming probability. However, we use a different decoding
rule that extends [15] analogously to [12]. In order to prove that
the decoding rule is successful, we require an input distribution
P such that the AVC is not weakly L-symmetrizable.

For average error, the achievable rate and converse do not
coincide in general, as shown in Section I'V.

IV. EXAMPLE

We will now show via an example that under average error, it
is possible that 0 < Cr(A) < Cyq(A). In particular, when the
jammer must satisfy a constraint, positive rates may be achiev-
able with list sizes that are smaller than the unconstrained sym-
metrizability, and for a fixed list size, the list-L capacity may
be positive but strictly smaller than the randomized coding ca-
pacity. The reason for this is that the cost constraint may be such
that the distribution P* that achieves the randomized coding ca-
pacity may have a strong symmetrizing cost which is less than
the constraint A, and therefore, the encoder cannot use that input
distribution.

Let the input alphabet X = {0,1}, state alphabet
S ={0,1,...,0} and the channel be defined by

Y=X+5 (16)

with a quadratic cost function [(s) = s2.
Without constraints, Hughes [15] has found that the random-
ized capacity is

C,.(00) = —logcos . T (17

+3

He also showed that for unconstrained AVCs the list-L capacity
obeys a strict threshold:

™
o+3° L>U

= ) = — log cos
- L<o

Cr(oo 0 (18)

7
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We are interested in the case when there is a cost constraint A
on the jammer. We must calculate the minimum mutual infor-
mation for different input distributions:

I(P,A)= Qngli(r/{)I(X AY)

The randomized-coding capacity under the cost constraint A is
the max of I (P, A) over P.

C.(A) = I(P,A)

sup
PeP(X)

19)

These calculations can be easily performed numerically.

To calculate the symmetrizability constraints, note that
because the channel (16) is deterministic, the symmetry con-
straints imply that any channel U € Usyy,(L) must also
be symmetric. Therefore, for each s € &, the probability

of (z1,z9,...,21). By letting ¢ denote this weight, we can
consider Usym (L) as containing channels of the form U(s|t).

Channels U € Uy, (L) are symmetrizing, so for t > 0 we
have

Y Wylo,s)U(sl) =Y W(ylL,s)U(slt —1)

from which we can see that for y =
t=1,2,...,L,

Ulylt) = Uly — 1]t = 1) (20)
The only way that y = O isif x = 0 and s = 0. Similarly, the
only way y = 0 + 1lisif x = 1 and s = o. Therefore

2y
(22)

The conditions (20)—(22) characterize the linear symmetry con-
straints in Usy, (L).
Thus, for each input distribution P, we can find

iy SOV (7)romray

This is a simple linear program. To calculate the strong L-sym-
metrizing cost, note that the set of all joint distributions P(z7)
with marginals equal to P is also a convex set defined by linear
equality constraints. Likewise, it is simple to numerically eval-
uate the strong symmetrizing cost

Y UUGsI) D Plaf)

s,t zl: T =t/L

sup  min
p U€Usym(L)

We calculated the achievable rates and converse bounds for
o = 8, and the results are shown for list sizes L. = 2 and
L = 4 in Figs. 1 and 2. For state constraint A, the randomized
coding capacity C,.(A) in (19) is given by the dotted line. The
achievable rate of Theorem 3 is shown by the solid line, and
the converse bound of Theorem 2 by the dashed line. These two
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Randomized coding capacity and list-L capacity bounds for L =2

[
o

T T

T T
------- Randomized

— = =L=2Converse
L =2 Achievable [

=3

'S

[
T

e o
o ] o w 14
N o w & >
T T T T T

Rate (bits/channel use)

o
=

o

=4

o

a
T

5 6 7 8 9 10
Jammer constraint A

Fig. 1. Randomized coding capacity C,.(A) and bounds on list-L capacity
C'L(A) versus the state constraint A for L = 2.

Randomized coding capacity and list-L capacity bounds for L = 4
0.5 T T T T T T —— T

------ Randomized
=L =4 Converse
——— L =4 Achievable

Rate (bits/channel use)
o o o o
4 o N o w o 'S
(5] N o w (4] = [3]
T T T T T T T

o
T

o
o
5
T
I

Jammer constraint A

Fig. 2. Randomized coding capacity C',.(A) and bounds on list-L capacity
C'r(A) versus the state constraint A for L = 4.

curves are given by restricting the optimization over P in the
right side of (19).

Figs. 1 and 2 show that when A < o2, positive rates are
achievable for several different list sizes. For a range of A, the
randomized coding capacity is achievable using lists of size 2
or 4. Fig. 1 also illustrates the fundamental difference between
list-decoding with state constraints and list-decoding without
constraints: for a range around A = 3, the list-2 capacity C5(A)
is positive but strictly smaller than the randomized coding ca-
pacity C.(A), in contrast with (18).

V. DISCUSSION

This paper provides several new results on list-decoding for
AVCs with state constraints. For maximal error, we showed that
rates within O(1/L) of Cgep(A) are achievable with list codes
of list size L. This result can be used together with a construc-
tion from [16] to show that Cyep(A) is the randomized coding
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capacity of AVCs with input-dependent state [20]. For average
error, we provided an achievable rate and converse which do
not coincide in general. We conjecture that the converse region
of Theorem 2 is not tight and that a stronger converse could be
shown. The strong symmetrizing cost in (6) allows optimization
over all joint distributions with the same marginals. The con-
verse proof uses a jamming strategy corresponding to taking a
random set of L codewords from the codebook as inputs to a
symmetrizing channel U (s|z”) to generate the state sequence.
The strong symmetrizing cost is a conservative bound on the
cost of such a strategy. It may be that techniques such as in [21]
could improve this bound; we leave this for future work. Our
results here establish that the behavior of list-decoding for con-
strained AVCs is fundamentally different than the unconstrained
case, analogous to the situation for list size 1.

It may be possible to extend the results in this paper to other
situations. Input constraints can be introduced by restricting the
maximization over the input distribution to the set of P which
satisfy the input constraint. Extensions of the average error re-
sults to multiuser scenarios such as [19] may also be possible,
but the symmetrizability conditions may become quite baroque.
Finally, using the approach here in the Gaussian setting would
involve developing measure concentration results which could
be interesting in their own right.

APPENDIX A
MAXIMAL ERROR

Using standard typicality arguments, we can show the exis-
tence of list-decodable codes for maximal error with exponen-
tial list size. The codebook is the entire set of typical sequences
Tp and the list is the union of e-shells under the different state
sequences. The decoder observes an output sequence y and out-
puts a list of all sequences x € 7p such that x and y are jointly
typical with respect to a joint distribution induced by a channel
U € U(P,A). Let

Wiep(PA) =V : V(ylz) =Y W (ylz, 5)U(slx),

UclU(P,A)y (23)

Proof of Theorem 1: Because we are using the maximal
error criterion, it is sufficient for the jammer to inflict a large
error probability on a single codeword. To prove the converse,
we construct a randomized strategy for the jammer for each
codeword x in the code. The behavior of the AVC under this
strategy can be bounded via the behavior of an appropriately
constructed discrete memoryless channel (DMC). The converse
then follows from the strong converse for list-decoding for
the DMC [2], [18], [22]. The achievable strategy uses random
coding by sampling codewords from the set of sequences of
fixed composition to show the existence of a deterministic list
code.

Converse: Suppose that for some 6 > 0and 0 < € < 1
there exists an unbounded, increasing sequence of blocklengths
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n1,Me2, ... and where for each n, there exists a (n;, N¢, L) de-
terministic list code C; where

1 N,
—log — > Cyep(A) + 6
e OgL > dp( )+

and the maximal error of each code is less than e. Let N;(P) be
the number of codewords of type P in C;. Since the number of
types is at most (n; 4+ 1)I¥l, there exists a type P; such that

(ns + D)IYIN(P,) > Lexp (n:(Caep(A) + 6))

and therefore, for sufficiently large ¢, there exists a P, such that
the subcode C;(P;) of C; consisting of codewords of type P
satisfies

M > Caep(A) +6/2

1 log

nt
Then, C;(P;) is an (n¢, Ni(P;), L
maximal error less than e.

We will now show that there exists a DMC over which the se-
quence of codes {C;(P;)} cannot achieve arbitrarily small prob-
ability of error. This DMC can be approximated by the jammer
using a randomized strategy for selecting the state sequence s
based on the transmitted codeword x. Because we are consid-
ering maximal error, it is sufficient for the jammer to inflict a
large error probability on a single message.

For ¢ > 0, define the channel from X to S as

I (Pt,ZW(y|x,s)U(s|x)>

The minimizer is unique by the convexity of the mutual in-
formation. For any x € Ci(P;), let S(x,€¢') have distribution
Up, .« (s|x). For any 6’ > 0, there exists a ¢ sufficiently large
such that

) deterministic list-code with

argmin
Uel(P;,A—e')

UPt:E/ =

PI(S(x,€)) <A)>1-¢ (24)
Consider the DMC formed from the channel W (y|z, s) by
choosing s according to the channel Up, o (s|z):

Vp, e ZW Yz, $)Up, o (s]z)

(ylr) =

Because the mutual information is continuous, for any § > 0,
there exists an € > 0 such that

I1(P,Vp, o) < i 1| P, w ,$)U
(P.Vpe)< | min ( tES: (ylz, 5) (SIw))
+6/4
For n, sufficiently large, we have
1. Ny(P,
— log Ni(Pt) > I (P,Vp, o)+ 6/4 (25)
T L

Let é(x,C(P;), Vp, ) be the error for codeword x in the
code C¢(P;) on the DMC Vp, .. The proof of the strong con-
verse for list coding [18] over the DMC Vp, . shows that for a
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code with codewords of type P, if (25) holds then there exist
positive constants ¢; and ¢y such that

1

N Z A(X(i)7ct(Pt>7 VPi,G’) >1—cie” =™
t =1

(26)

where x(4) is the corresponds to the ith message of the code
Ct(P t)~

We now connect the DMC Vp, ./ to the AVC. Because we
are considering maximal error, the jammer arbitrarily selects
a codeword x in the code and chooses a state sequence ac-
cording to the following strategy. For a codeword x, it generates
S(x,€). IfI(S(x,€')) > A, then it sets s equal to some fixed se-
quence sg such that I(sg) < A. Otherwise, it sets s = S(x, €’).
We will now show that this strategy will result in a large error
probability when x is chosen by the encoder.

Let £(x,C(P;), €") be the error for codeword x in C¢(FP;)
under this strategy. Then, from (24), we have

é(xvct(Pt)v VP,E’) S E(X7Ct(Pt)7 el) + 6I

Therefore, using (26), we have

e(x,Ce(P),€") > 1 —cre @™ — ¢

which gives a lower bound on the maximal error for the code
C:(P;) over the AVC. For sufficiently large 7, this lower bound
can be made larger than €, which is a contradiction. Therefore,
the capacity of the AVC under maximal error and list-decoding
is upper bounded by Ciep(A).

Achievability: Let P € P,(X) and 7p denote the set of
all sequences of length n of type P. For any channel V (y|z),
we define a channel V' (z|y) by

V(ylz)P(z)
> Viyla')P(a')
For a sequence y and the channel V’, define V'’ x T}, to be the

distribution such that [V’ x Ty|(z,y) = V'(z|y)Ty(y). The
(V’, €)-shell of typical x sequences around a y is

V'(aly) =

T5/(y) = {x € Tp : dpax (Ixy, V' x Ty) < €}

For n sufficiently large, we have
1
- log 15 (y)| < Hyigy (X]Y) + O(eloge ™)

where the subscript on H indicates the joint distribution under
which to take the conditional entropy.
Now, for a fixed x € 7p and s with [(s) < nA, define a
channel from X to ) by
N(z s|x s)

Note that Vs € Waep(P, A). Let Y be generated via W (y|z, s)
from (x, s). For each (z,y) € X x Y, applying a Chernoff-Ho-
effding bound [13] yields

Ves(ylz) =

P (I[P x Vas)(w,y) Ty (z,y)| > €) < 2exp(—2¢?n)  (27)
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where [P x Vis](x,y) = P(2)Vis(y|z). Therefore, with prob-
ability 1 — 2|X ||| exp(—2¢2n), the received sequence Y is
jointly typical with x.

For a fixed received sequence y and constant § > 0, define
the set V() of channels:

Vi(y) = {V € Waep(P, A) NP, (V| X) :

drnax (Z V(y|x)P(z),Ty> < 6}

The intersection with P, (Y|X) ensures that |V (y)| grows
polynomially with n. Now define the following set:

X|+1])6
U w7
Vevi(y)

Aly) =

The size of this set is exponential as a function of n and for
sufficiently large 7, it can be upper bounded:

1
Lo A < min
n glA(y)| < VEWadep(P,A)

Hpy(X|Y)+ O(5logs™")
(28)
Let A = maxy |A(y)].

Consider an (n, [7p|, A) list code where the codewords are
all sequences in 7p and the decoder outputs the list A(y). Note
that the size of the output list depends on y. We claim that for
any 6 > 0 and &’ > 0, there exists an n sufficiently large such
that this list code has error probability less than &'

To see this, fix 6 > 0 and ¢’ > 0 and suppose that some x
was transmitted and the state sequence was s. From (27), there
exists an € > 0 and n sufficiently large such that the received
Y satisfies dimax (P X Vis, Txy) < € with probability 1 — 4.
By choosing ¢ sufficiently small and n sufficiently large, with
probability 1 — ¢" over the channel we have x € A(Y).

To arrive at the desired code, fix n > 0. Let B = {X(4)} be
a set of 27(Caer (M=) codewords from 7p uniformly at random
and set the decoder to output A(Y) N B. We must show this
set produced by the decoder has at most L = O(1/n) code-
words with high probability. This implies that there exists a
deterministic (n, 2"(Caer(A)=1) L) deterministic list code with
small probability of error.

Let R = Caep(A) — 7. For any fixed y, the probability that
any codeword of B is in A(y) is upper bounded by | A(y)|/|Zp|.
so from (28), we see that for any 6 > 0, we can choose n suffi-
ciently large such that

P (X(i) € Aly)) < exp (—n (Caep(A) — O(81og 6 1))
Because the codewords are selected independently, Sanov’s [8,

Th. 12.4.1], bounds the probability that a fraction L - 27" of
the 2% codewords end up in A(y):

P(lA(y)nB| > L)
< exp ( _9nRp) (LZ—nR H 9=1(Caep(1)=O(8 log 5*1))>

+log(2"E + 1)) (29)
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Now, we can bound the first summand in the exponent on the
right-hand side of (29) (the term —2"% D (-||-)) by

- L IOg on(n—0O(8logs~1))

1—L27"E
1 — 2 n(R+n—0O(8logs—1))
< —nL(n—O(8log 6_1)) — Llog L +@D)

— 2R (1 — 27" log

We can pick ¢ such that O(§log §=1) < 7/2 by choosing n suf-
ficiently large. Then, substituting (30) in (29), upper bounding
R < log|Y)|, and taking a union bound over all y, we have

P3y:|Aly)nB|> L)
<exp(—n(Le/2 —2log|Y|) — Llog L + 2L)

For sufficiently large n, choosing L > f“%lyl] makes the ex-
ponent negative, showing that with high probability the random
selection will produce an (n,2"% L) list code under maximal
error whose error can be made as small as we like. Therefore,
such a deterministic list code exists. |

APPENDIX B
AVERAGE ERROR

1) Converse:

Lemma 1 (Approximating Joint Distributions): Let X be a
finite set with |X'| > 2. For any € > 0 and probability distribu-
tion P on X, there exists a § > 0 such that for any collection of
distributions {P; € P(X) : i € [L]} satisfying

doax (P, P) < 8 Vi 31)
and any joint distribution P(x1, x5, ...,2r) with
Z P(z1,22,...,21) = Pi(z;) Vi, ;; € X (32)

Tj:jFe
there exists a joint distribution P(azl, Toyen.

Z P(z1,29,...,21) = P(x;)

Tj:jFe

,x 1) such that

Vi, 2, € X (33)

and

dax (P, P) <€ (34)
2) Proof of Lemma 1: Fix ¢ > 0 and P. We consider two
cases depending on whether min,.c v P(z) = 0 or not.

Case 1: First suppose min,cy P(z) = 8 > 0. Consider a
set of distributions {P; : i € [L]} satisfying (31) and let P(zL)
be a joint distribution satisfying (32). We treat probability dis-
tributions as vectors in RI*!”. We can construct a distribution
P satisfying (33) and (34) in two steps: first we project P onto
the set of all vectors whose entries sum to 1 and satisfy (33),
and then, we find a P close to this projection which is a proper
probability distribution.
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Let B be the subspace of RI* " of all probability distributions
P’ satisfying the marginal constraints (33). We can summarize
these linear constraints in the matrix form

AP =V

where A and b’ contain the coefficients corresponding to the
constraints in (33). We can assume A has full row-rank by re-
moving linearly dependent constraints. Similarly, the distribu-
tion P satisfies

AP =b

where A and b contain the coefficients corresponding to the con-
straints in (32). -

Let P be the Euclidean projection of P onto the subspace B :

P=P+AT(AAT)(V -

AP) (35)

The error in the projection is

P—P=AT(AAT)"Y(AP - V)
=AT(AATY b - V)

From (31), all elements of (b — b’) are in (—§,8). Since the
rows of A are linearly independent, the singular values of A are
strictly positive and a function of |X| and L only. Therefore,
there is a positive function p;(|X], L) such that

AT (AAT) b = b)||, < ma(|X|, L) - 6

Since |X| is finite, there is a function po(|X'|, L) such that

duna (P(aF), P(aF)) < (X, L) - 6

If the P from this projection has all nonnegative entries, then we
set P = P and choose § sufficiently small so that y5(|X/|, L) -
0 < e

If P has entries that are not in [0, 1], then it is not a valid
probability distribution. However, since P is a probability dis-
tribution, we know that

mmP(wl) > —po(|X], L) -6

zf

Let PL be the joint distribution on XL with independent
marginals P:

PY(x1,... ap) = P(x1) - Par) (36)

Since min, P(x) > 3, we have PL(zF) > gL forall L. Let

X|,L)-6
and set
P=(1-a)P+aPt (38)
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Then, P(z1) > 0 for all z and by the triangle inequality:

Do (P ) < dipas (P P) ¥ dyax (13 13)

< pa(|X], L) - 6—|—admax( )

< (1 + H_L> pa(|X], L) - 8

Therefore, for ¢ sufficiently small, we can choose a P such that
Amax (P,P) < e for any € > 0.

Case 2: Suppose that min,cy P(x) = 0. Let Xy = {z €

X :P(r) =0}and Z = X \ Xp. Let Q € P(Z) be the

restriction of P to Z. Then, () is a probability distribution on Z.

First suppose that | Z| = 1. Then, P(z) = 1 for some z € X.
Let

P

= P@)-+- P(r)

Since all the marginal distributions P; of P
dmax (P, P;) < 8§, we know that dyyax (RP) < 6.

Now suppose | Z| > 2. We can construct P by first finding a
joint distribution @ that is close to P and then invoking the first
case of this proof on Q using (35)—(38). From (31), we know
that for some 0 < ¢ < |X'L|, we have

Z P(zy,23,... ,xL)éczs

zl¢zl

satisfy

Define () by
auh={}¢

Since @ has support only on Z, we can think of it either as a
distribution on X* or on Z%. Note that

D) +127Fcs, af € 20

¢zt

dmax (i) Q) < cd

Let {Q; : i € [L]} be the ith marginal distributions of (), so that
Qi(z;) = Z Q(z1,22,...,x1) = Qi(w:)
A

forall i € [L] and z;; € Z. Then, we have for some ¢’ > 0 that

dmax (Q7 Qz) < CI(S-
Now, we can apply Case 1 of this proof [see (35)—(38)] using

the set Z and distributions Q, {Q; : i € [L]}, and Q. For
any e; > 0, we can find a 1 > 0 such that if {Q;} satisfy
dmax (@, Q;) < 61, then there exists a Q with marginals equal
to @ such that dyax (Q Q) < €1. Let P be the extension of Q
to a distribution on X' by setting P(zF) = Q(=
ZT and 0 elsewhere. By the triangle inequality

LY for 2k €

dinas (P, Q) < donax (P, Q) +
<ch+ e

Drmax (Q; Q)
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We can choose § sufficiently small so that §; and ¢; are suffi-
ciently small to guarantee that this distance is less thane. W

Lemma 2: Let W be an AVC with state cost function [(+)
and constraint A and let I be a positive integer. Let ¢ > 0 be
arbitrary and suppose P is a distribution with A, (P) < A — €.
Then, there exists a & > 0 and ng such that for any (n, N, L)
list code with n > ng and N > L+ 1 whose codewords {x(i) :

€ [N]} satisfy

Vi € [N]
Vi € [N]

dmax( x() )<6
)\L( x(,)) <A-—¢

the average error for the code is lower bounded:

=1 (s) > 2 1 L
sesnin LS L+2 N(L+1)

Proof: From Lemma 1, we can see that for any ¢; > 0,
there exists a §; > 0 such that for any set J C [N] of codewords
with [J] = L and dyax (Tx(j), P) < 61, we can find a joint type
P € P(XT) with marginals equal to P such that the joint type
T () satisfies

dmax (TX(J)7 P) < €1

Now let U* achieve the minimum in the definition of Ar,(P).
Since Az (P) < A — ¢, we have

S USHU* (sl Ty (2h) < Y 1)U (sl ) P(at)
B —1:511)\*|X|L

<A — e+ e N |X|E

where \* = max,es [(s). Now, choose €1 = ¢/(2)\*|X|F) so
that

Zl (8)U*(s|la]) Ty (z]) < A —€/2

9,’1’1

and choose § = 47 according to Lemma 1.

Let J be the set of all subsets of [N] of size L, and let J
be a random variable uniformly distributed on 7. Consider the
following jamming strategy. The jammer draws a subset J and
for J = J selects the state sequence according to the random
variable S(.J) with distribution

Q"(s) = | | U™ (sel{we(5) : 5 € T})

=

t

Il
-

The expected cost of S(J) is
1
—E
LEs ()

n

%Zzzst

S

“(sel{e(5) -5 € T})

it ) = 5 %)

n

I
o~
—~
N
g
*
—~
-
8
T
8
~

_Zl

<A—e/2
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We can also bound the variance of [(S(.J)):
)\*)2
n

Var (I(S(7)) < ¢

Chebyshev’s inequality gives the bound:

(A*)?
n(A — (A —€/2))?
4()\*)2

ne?

PUS(J)) > A) <

(39)

<

(40)

Before continuing, we need some properties of symmetrizing
channels used to generate the random variables S(.J). First, we
have for any j € J:

EW"(ylx(2),S(]))]
= ZW” y (i), $)U™ (sl{x(4") - 5" € J})
= E[W"(yIX( ); S\ {7} U{i}))] (41)

Using (41), we can see that for some subset G C [N] with
|G| = L+1:

Y Elec(i.S(G\ {i}))]

i€eG

=Y (1= X EWmrbe @\ )]

€@ yiep(y)
—L+1-Y Y EW vk, S(G\ {io})]
1€G yiey(y)

Second, because each y can be decoded to a list of size at most
L’

> Eles

1€G

(6, S(G\ {i}))]

> L4 1-L Y EW (i, S(G\ {io})]

yeyr

=1 42)

We now bound the probability of error for this jamming
strategy. The expected error, averaged over the random variable
J and the randomly selected state sequence S(J), is

1
[EJ,S(J) [5L(S( :T—ZZ[E EL 7, S
L JeJ i=1

Then

Y E[en(i.S(G\ {i})]@3)

=L+11

Now, we can rewrite the inner sum using (42):

_ (:51)
Ey,s)[EL(S(I))] > (]Z; N
1 L
T L+1 N(L+1)
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Finally, we can add in the bound (40) to obtain

1 L
L+1 N(L+1)

<Ess) [FL(ST))]
< max &r(s)+P((ST))>A)

ses™(A)

4(\* 2

< max +é&r(s) ( 2)
sES™(A) ne

Now, we can choose n large enough such that

o1 L
L+2 N(L+1)

max £r(s)
seS™(A)

Lemma 3: Let WV be an AVC with state cost function {(-)

and constraint A and let L be a positive integer. For any € > 0,

there exists a v(L, W, €) > 0 and ng such that for any (n, N, L)

list code (¢, 1)) with n > ngand N > L + 1 whose codewords
{x(i) : i € [N]} satisfy

/\L(Tx(i)) <A-—c¢

Vi € [N] (44)

the error must satisfy

3 > v(LW,
255 () > WL W)

Proof: Fix € > 0. For each P € P(X) from Lemma 1, we
know there is a §(P?) > 0 such that any joint distribution 7’ with
marginals within §(P) of P can be approximated by a P with
marginals equal to P such that dy,ax (P, ]5) < e.

Let

B(P) = {P' € P(X) : dyax (P, P') < 6(P)}

Then, {B(P) : P € P(X)} is an open cover of P(X). Since
P(X) is compact, there is a constant r and finite subcover
{B(P;) : j € [r]}. From this finite cover, we can create a
partition {4; : j € [r]} of P such that A; C B(P;) for all j.
Now consider an (n, N, L) code whose codewords C satisfy
(44). Let F; = {i € [N] : Tx(;) € A;}. We can bound the error

_ 1 < _ |F; [ 1 .
Er(s) = N_r]z_; 621; ér(i,s) > Nr W 621; ér(i,s)

Since the collection {F j} partitions the codebook, for some j,
we have |F;| > N/r. From Lemma 2, the jammer can force the
error to be lower bounded by

_ S 1 1 L

JJax en(s) 2 5 (L—i— 1~ N+ 1))
Note that the constant 7 is a function of ¢, W, and L, so we
can set v(L, W, €) to be this lower bound. For any ¢ > 0, we
have exhibited a jamming strategy such that the error is bounded
away from 0. ]
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Theorem 2 follows from the preceding lemma. Suppose that
there exists a sequence of (n, N, L) codes {C,,} of rate

sup min [ <PZW(y|x,s)Q(s)> +6

PEP(X):Loym(P,A)<L QEQ(A)

For each n, let B~ = {x(3) € C;, : Leym(Tx,A) < L} and
Bt = {x(i) € Cp : Leym(Tx,A) > L}. Clearly, [B~| > N/2
or [BY| > N/2 or both. In the first case, the adversary can
choose the state according to @ so that the channel is a DMC
with transition probabilities Vi (y|z) = >, W(ylz, s)Q(s).
The rate of the subcode containing codewords x with
Loym(Tx,A) < L is greater than the mutual information
I (T, VQ) for each x, and therefore, the average error cannot
converge to 0. In the second case, Lemma 3 shows that the
average error is at least v(L, W, ¢€)/2.

3) Achievability Under Average Error: Given a P such
that the weak symmetrizing cost satisfies Leym(P) > A, we
can use the coding scheme of Hughes [15] modified in the nat-
ural way suggested by Csiszar and Narayan [12] for list size 1.
The technical issue is to prove that the decoding rule is unam-
biguous; that is, it should always produce a list of L or fewer
codewords. The codebook consists of N constant-type code-
words drawn uniformly from the codewords of type P. In order
to describe the decoding rule we will use, we define the set

gn(A) :{PXSY € P(X XS x ))) :
D (Pxsy || Px x Ps x W) <,
E[I(S)] < A} (45)

where
(Px x Ps x W)(z,s,y) = Px(z)Ps(s)W (y|z,s)

The set G,(A) contains joint distributions which are close to
those generated from the AVC )V via independent inputs with
distribution Py and Ps.

Definition 1 (Decoding Rule): Let x1,X2,...,Xy be a
given codebook and suppose y was received. Let ¢)(y) denote
the list decoded from y. Then, put i € t(y) if and only if there
exists an s € S™(A) such that

1) Taosy € (M),
2) for every set of L, other distinct codewords {x; : j €

J, J C [N]\ {i}, |J| = L} such that there exists a set

{sj :s; € S™(A), j € J} with Ty 5,y € G,(A) for all

7 € J we have

I(YXAXYS)<n (46)
where Py xxcs is the joint type of (y,x;, {x; : j €
J},s).

An interpretation of this rule is that the decoder outputs a
list of codewords {x;} each having a “good explanation” {s;}.
A “good explanation” is a state sequence that plausibly could
have generated the observed output y (condition 1) and makes
all other L-tuples of codewords seem independent of the code-
word and output (condition 2). It is clear that this decoder will
output a list containing the correct codeword with high proba-
bility. The only thing to prove is that the list size is no larger
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than L. To do this, we show that no tuple of random variables
(Y, XE+1 §L+1) can satisfy the conditions of the decoding
rule. This in turn shows that for sufficiently large 7, no set of
L + 1codewords can satisfy the conditions of the decoding rule.
Therefore, for sufficiently large blocklengths, the decoding rule
will only output L or fewer codewords.

For a vector #™+1 = (11, 29,...,23741), define =
(L1, T2,y T 1, Tig 1y TAr41) tobethevectora:M*'# with
the ¢-the component removed.

]\[+1

Lemma 4: Let 8 > 0, W be an AVC with state cost func-
tion {(-) and constraint A, P € P(X) with I(P,A) > 0 and
min, P(z) > f,and M = Lgu(P,A) + 1. For any a > 0
and every collection of distributions {U; € P(XM x S) :i =

1,2,..., M + 1} such that
Z P(a:i)Ui(a:]Y{t}l, $(s) < Ay(P)—a  (47)
zM+1 g
foralli =1,2,..., M + 1, there exists a ( > 0 such that
max Z ZW(QL/|$“ M{—i—}la s)P(x;)
y,xM+1| s
—XW@m (@M 8)P,)| > ¢
(48)

Proof: Note that the outer sum in (48) is over all M+,

Define the function V;, : XM+1 x S — R by

Vk(xMJ'_l,S) _ U ( M+1 )

—{k}’

Let I15/41 be the set of all permutations of [M + 1] and for
7w € IIpr41 let m; be the image of 4 under 7. Then

max Z ZW ylzi, s)

J\1+1 S)P(:l?l)

Y, rM+1 S
- Z W (ylz;, )Vi (@™, 5)P(x;)
= max Z W (yl|zi, 8)Va, (m(z™MF1), 5) P(z;)
i yeM+L | s

Ve (w(a™*), 5)P ()

=D Wlylz;,s)

We can lower bound this by averaging over all m € Il :

1
e >
y,xM+1 (M + 1)' 7€M

Z W(y|wi7 S)
=Y Wiylzj,s)

max
J#i

Vﬂ'i (W(xM—i—l)v S)P(xl)

Vz, (W(x]\["'l),s)P(ajj) (49)
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Define the average

V( JU{+}17 )
Vﬂ- M+1
M+1 Z : )9)
7€l 41
M+1

M+1|Z Y. U@t _ry.)

=1 wellpy 4q:my=I
M+1

ML)
M+1|Z > Ulo),s)
=1 o€llyy,
Note that for each s € S, V(x]ff{f}l, ) is a symmetric function
of xM{+}1

Now, we lower bound (49) by using the convexity of | - | to
pull the averaging inside the absolute value and substituting V.
We arrive at the following expression:

(V. P) = max > Wlylwi, )V (@2, 5)Plai)
y,zM+1 s
- ZW ylzj )V (Mt s)Pxj)| - (50)

The function F(V, P) is a continuous function on the compact
set of symmetric distributions {V'} and the set of distributions
P with min,, P(z) > f3, so it has a minimum ¢ = F(V*, P*)
for some (V*, P*). We will prove that ¢ > 0 by contradiction.
Suppose F(V*, P*) = 0. Then
M+1

Z W (y|zi, 5) (= —{i}
=Y Wlylej,s)V

s)P* ()

( M+1

—{i} )P*(a:j)

So

M+1

zzmmi,smx,{i}?
= ZZW ylzj, s)V* (2

s)P*(x;)

M+41

-y 8 s)P*(z;)

and

VP (1) =

s V(M P (),

which implies (see [15, Lemma A3]) that for all j:

V* ( M+1)P*( ): P*(I\/f-l—l)(x]\l'Fl)

{3}

Therefore

S Wyler, s)V* (sl 51)
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is symmetric in (1, T2, . . ., Zar41)- Therefore, V*(s|x§/[+1) €

Usym (M + 1). From the definition of S\M(P) in (8), we see that

Y VM ) P(xi)i(s) > A(P)

aM+1 g

But from (47), and the definition of V, we see that the {U; } must
be chosen such that

o VM ) P@)i(s) < Au(P)—a (52)

sM+1 g

Therefore, we have a contradiction and the minimum ¢ of
F(V, P) must be greater than 0. Equation (48) follows. |

The next lemma shows that for a sufficiently small choice
of the threshold 7 in the decoding rule, there are no random
variables that can force the decoding rule to output a list that
is too large. The proof follows from Lemma 4 in the same way
as in [15].

Lemma 5: Let 8 > 0, W be an AVC with state cost func-
tion {(-) and constraint A, P € P(X) with min, P(z) > £, and
M = isym(R A) + 1. Then, there exists an n > 0 sufficiently
small such that no tuple of random variables (Y, X ¥ +1 gM+1)
can simultaneously satisfy

min P(z) > (3 (53)
Py, =P (54)
Py x,s, €Gy(A) (55)

I(YX,;/\Xﬁf{j}l‘Si)gn, 1<i<M+1 (56)

Given Lemma 5, the following lemmq shows that given an
input distribution P and a list size M = Ly (P, A) + 1, there
exists a list code with list size L and small error probability.

Lemma 6 (see [15, Lemma 3]): Let P be a type satisfying
min, P(z) > B andlet L = Ly, (P,A) 4+ 1. Forany 6 > 0,
there exists a list code of list size L with codewords of constant

type P such that

1 N
—log <f) > I(P,A) -6, er, < exp(—nvy)
n

forall n > ny, wherey > 0 and ny depend only on 3, 6, and W.
The code in Lemma 6 is a code whose codewords are all of
a constant type P. This lemma is proved in [15] by selecting NV
codewords uniformly from the set of codewords with constant
composition P and showing that with high probability, the result
codebook satisfies a set of joint typicality and conditional joint
typicality conditions universally over all state sequences s.
Proof of Theorem 3: Lemma 4 implies Lemma 5, which
allows us to use Lemma 6 to show that a code exists with rate
close to I(P, A) and small error. Since I(P, A) is continuous in
P, for a fixed list size L, the rate (P, A) is achievable for all P
such that Loy (P,A) < L. |
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